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An edge of a k-graph is “separating” if there is ir k-coloring of the vertices assigning all 
colors to that edge only. We prove that no edge of any triangulation of any manifold of any 
dimension is separating. 
An alternate definition for a cut-edge in a graph is an edge which is the only 
edge to receive both colors in some 2-coloring of the vertices of the graph. This 
definition was generalized by R.L. Graham to k-uniform hypergraphs, in order to 
define “k-forest” in a problem solved by Lovasz [2]. We give the name “separat- 
ing” to an edge of a k-graph if there is a k-coloring of the vertices of the k-graph 
which assigns all colors to that edge and to no other. This terminology was 
suggested by R.A. Duke, who noted in a seminar that all edges of a triangulation 
(viewed as a 3-graph) of the 2-sphere are non-separating. 
The result below is clearly related to Sperner’s Lemma [3], which deals with 
certain colorings of a subdivided simplex, and is drequently used to prove the 
Srouwer fixed-point theorem. It could also be nicely phrased (and proved) using 
the ideas and terminology of AK. Dewdney [l]. 
Theorem. Let T be a triangulation of an n-manifold, and identify T with the 
(n + I)-graph whose vertices are the vertices of T, and whose edges are the 
n-simplices of T. Then no edge of T is separating. 
Pkoof. Let P, be the proposition that in any n + l-coloring of a triangulation of 
a.2 n-manifold, th 2 number of all-colored edges is even. 
Let Q,, be the prfJpositicn that in any II+ 2-coloring of a triangulation of an 
n-manifold, if ei is the nunaber of edges receiving all colors except the ith, then 
the ei’s are either al! odd or ail even. 
Regarding the unique triangulation of the O-sphere as the 1 -graph on two 
vertices with two (sij!gleton) edges, PO is immediately true. We show that for any 
n 2 0, P, implies Q,, and Q,, implies P,l+,, proving the theorem. 
Assume P, and let i ;;nd j be two colors in an n +2-coloring C of an 
n-manifold. Let Ci,j be the n + l-coloring obtained from C by identifying i and j. 
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The edges all-colored by C,., are those either all-but-i-colored or all-but-j- 
colored by C, hence ei + ej is even. Since i and i are arbitrary, all ei’s must have 
the same parity. 
Now assume Q,, and fix a triangulation 7’ of an tt + l-manifold. Let e be the 
number of all-colored vertices in an VJ + 2-coloring C tif T. We show e is (even by 
induction on the number kl of vertices of the first color. 
If kl = 0, then e = 0. Otherwise, let D be a vertex of the first color and define an 
n J l-graph “I” as follows: the vertices of T, are the vertices of T which are 
adjacent o u, and E will be an edge of TV Xf E U {u} is an edge of T. TV is thus a 
triangulation of an n-sphere, and Q, can be applied to the coloring inherited by 
‘& from T. Let ei be the number of all-but-i-colored edges in T,. 
Now the number of all-colored edges in T which contain the vertex u is exactly 
ul. If the color of D is changed from the first to the second color, the number of 
all-colored edges in the new coloring will be e - e, + e2, which by induction is an 
even number. Since e, - e2 is Aso even, so is e. 
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